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We onsider the energy of the lled quasipartile's Fermi sea of a marosopi superonduting
ring threaded by an hc/2e-vortex, when the material of the ring is of an unonventional pairing
symmetry. The energy relative to the one for the hc/e-vortex onguration is nite, positive,
and inversely proportional to ring's inner radius. We argue that the existene of this energy in
unonventional superondutors removes the ommonly assumed degeneray between the odd and
the even vorties, with the loss of the onomitant hc/2e periodiity in external magneti eld as
a onsequene. This marosopi quantum eet should be observable in nanosized unonventional
superondutors with a small phase stiness, suh as deeply underdoped YBCO with Tc < 5K.
PACS numbers: 74.25.Jb, 74.25.Qt, 74.72.-h
A fundamental property of all known superondutors
is that their eletrons form Cooper pairs. A diret mani-
festation of this phenomenon is the quantization of mag-
neti ux in units of hc/2e in multiply onneted geome-
tries [1℄. Suh ux quantization may be onsidered as an
eetive spetrosopy of the harge of the arriers, and
is often used as a proof of paired nature of the super-
onduting state. A losely related phenomenon is the
periodiity of various properties of multiply onneted
superondutors in the external magneti eld with the
period that orresponds to the half ux quantum [2℄.
In this Letter we argue that this periodiity is in prin-
iple not exat in superondutors with unonventional
pairing symmetry that support quasipartile exitations
at arbitrarily low energies. Our argument is qualitative
and fundamental in nature, and based on a alulation
of the dierene in ground state energies of nodal quasi-
partiles of an unonventional superondutor in a pres-
ene of a single (hc/2e) and a double (hc/e) vortex in
an annular geometry. An estimate of this energy dier-
ene indiates that the deviations from the familiar hc/2e
periodiity may beome diretly observable in reently
fabriated deeply underdoped uprates. This manifesta-
tion of marosopi quantum oherene is a fundamental
eet and raises the possibility of manipulation of spin
urrents (arried by quasipartiles) by ontrolled motion
of magneti uxes (using, for example, a Hall bar) with
appliations to spintronis and other areas of applied si-
ene.
The energy in question stems from the essential dier-
ene in the interations between the quasipartiles and
hc/e- and hc/2e-vorties. Apart from the semilassial
Doppler shift of the quasipartile energies ommon to
both single and double vorties, the statistial, purely
quantum Aharonov-Bohm (AB) phase of an hc/e-vortex
an be exatly gauged away whereas the one of an hc/2e-
vortex annot. The ensuing topologial frustration is
felt by the quasipartiles arbitrary far from the en-
ter of the vortex via the AB gauge eld [3℄, whih en-
odes the sign hange in the quasipartile's wave-funtion
R
l
FIG. 1: (Color online.) Annular system with the vortex in
the nodal superondutor (gray region).
as it is adiabatially dragged around the vortex. Vor-
ties, their utuations and the onomitant AB and
Doppler eets on quasipartiles in d-wave superondu-
tors have been a subjet of muh researh in the past
[4, 5, 6, 7, 8, 9, 10, 11, 12℄. Here we onsider the lled
Fermi sea of nodal quasipartiles in an annular geometry
(Fig. 1), and determine the exess in energy due to the
AB gauge eld of the hc/2e-vortex. We nd a positive
ontribution to the ondensation energy that derives pre-
dominantly from the quasipartiles near the nodes and is
inversely proportional to the hole radius R. For param-
eters relevant to uprates the exess energy is ∼ 0.2K
for a thik ring whose inner radius is about a mirome-
ter. Consequenes for the quantization of magneti ux
in underdoped uprates are briey disussed.
Let us assume a magneti ux loalized in the annu-
lus made of an unonventional superondutor. At low-
energies, the dynamis of quasipartile exitations near a
single node in the eld of a vortex in the superonduting
order parameter arrying a half ux quantum hc/2e may
be desribed by the Hamiltonian
Hˆ = vF (px + ax)σ1 + v∆(py + ay)σ2 −mσ3, (1)
where vF and v∆ are harateristi veloities of the quasi-
partile exitations in the two diretions around a nodal
point, σi are the Pauli matries. a(r) = (xey−yex)/(2r2)
is the AB vetor potential resulting from the Franz-
2Te²anovi¢ [3℄ (FT) gauge transformation in presene of
the hc/2e-vortex in the order parameter. In (1) we have
inluded a gap m at the nodes for generality and set
~ = c = 1. We have also negleted the Doppler shift
of quasipartiles, based on the following argument: the
Doppler eet enters Hamiltonian (1) as another gauge
eld v(r) generated by the FT transformation. It always
appears in the ombination v(r)−(e/c)A(r), whereA(r)
is the eletromagneti vetor potential. When the hole
radius R (Fig. 1) grows to beome omparable to the
magneti eld penetration depth λ, A(r) will sreen out
v(r), leaving the topologial frustration enoded by a(r)
as the sole long range eet. Thus, in pratial situations,
we expet the Doppler shift to be a seondary eet in
rings of marosopi size.
We onsider rst the simpler ase of isotropi veloities,
vF = v∆. Setting the veloity to unity the eigenstates of
the above Hamiltonian are found to be
Ψq,k,l(r, φ) =
√
k
4π|E|
×
( √
q(E −m)Jl−1/2(kr)ei(l−1)φ
iq
√
q(E +m)Jl+1/2(kr)e
ilφ
)
(2)
for l > 0, and
Ψq,k,l(r, φ) =
√
k
4π|E|
×
( √
q(E −m)J−l+1/2(kr)ei(l−1)φ
−iq
√
q(E +m)J−l−1/2(kr)e
ilφ
)
(3)
for l ≤ 0. Here the quantum number q = ±1 distin-
guishes partile-like and hole-like states, l ∈ Z is angular
momentum, k > 0 is radial wave vetor, and energy is
Eq,k = q
√
k2 +m2. Jl(x) are Bessel funtions of the rst
kind. To nd the above eigenstates it is neessary to
regularize the gauge potential. Namely, the requirement
of the square-integrability unambiguously determines all
the eigenstates of the Hamiltonian (1), exept ones with
zero angular momentum. There are two l = 0 states
diverging as 1/
√
r at the origin, but keeping both of
them leads to an overomplete basis in the Hilbert spae.
On the other hand, requirement of non-divergene of the
states at the origin is too restritive, sine it leads to an
inomplete eigenbasis. Only linear ombinations of the
two states speied by a single parameter are allowed [13℄
but in order to selet a single eigenstate from all allowed
states, the gauge potential has to be regularized. Here,
we onsidered the vortex as a ylinder of a nite radius R
in whih the AB ux is uniformly distributed. By math-
ing the solutions inside and outside the ylinder, and tak-
ing the limit R→ 0, we found that the eigenstate in the
zero angular momentum hannel has the form given by
(3), with the lower omponent diverging at the origin.
This is in agreement with the result of an alternative
regularization [11, 13℄.
Let us now alulate the loal density of states (LDOS)
for gapless nodal quasipartiles, m = 0, dened as
ρ(ǫ, r) =
∑
q,l
∫
dk|Ψq,l,k|2δ(ǫ − Eq,k). (4)
Using the eigenstates given by Eqs. (2) and (3), we re-
produe the LDOS of Ref. 10 in the form
ρ(ǫ, r) =
cos(2|ǫ|r)
2π2r
+
|ǫ|
π
∞∑
l=0
J2l+1/2(|ǫ|r). (5)
The expression for the LDOS an further be simplied
using the little known Mitrinovi¢ identity [14℄
∞∑
l=1
[Jp+l(x)]
2 = p
∫ x
0
dt
t
[Jp(t)]
2 − 1
2
[Jp(x)]
2. (6)
For p = 1/2, this yields the form of the LDOS whih is
more onvenient for the later alulations
ρ(ǫ, r) =
1
π2
[
cos(2|ǫ|r)
2r
+ |ǫ|Si(2|ǫ|r)
]
, (7)
where the standard sine-integral funtion is dened as
Si(x) ≡ ∫ x0 dt sin t/t. In the viinity of the vortex, in
the region r ≪ 1/|ǫ|, the LDOS diverges as 1/r. This
behavior of the LDOS originates from the states in the
zero angular momentum hannel that diverge as 1/
√
r,
when r → 0. On the other hand, far from the vortex,
ρ(ǫ, r) → ρ0(ǫ, r) = |ǫ|/2π, as in the vortex-free system.
Of ourse, the LDOS in the system with the vortex arry-
ing an integer number of the ux quanta, nhc/e, n ∈ Z,
is the same as in the free system. Namely, the vetor
potential orresponding to nhc/e-vortex is 2na(r), and
in that ase the eigenstates of (1) have the form
Ψq,k,l(r, φ) =
√
k
4π|E|
×
( √
q(E −m)J|l−1+n|(kr)ei(l−1)φ
iq
√
q(E +m)J|l+n|(kr)e
ilφ
)
.(8)
The LDOS for gapless nodal quasipartiles ρ0(ǫ, r) is then
uniform and independent of the integer n, as required by
gauge invariane.
Starting with the ompat form of the LDOS, we may
ompute the energy ost of having an hc/2e-vortex by
integrating the Eq. (7) over the energy and the area of
the ring in Fig. 1. This proedure should be aurate
for a ring of a marosopi size, when the eets of the
boundaries and of the disreetness of the spetrum be-
ome negligible. The DOS for the ring is then
ρ(ǫ) =
∫
d2rρ(ǫ, r) = I(R + l, ǫ)− I(R, ǫ), (9)
where
I(R, ǫ) ≡ ǫR
2
π
[
Si(2ǫR) +
cos(2ǫR)
2ǫR
+
sin(2ǫR)
(2ǫR)2
]
. (10)
3R + l and R are the radii of the outer and the inner
annulus, respetively. The total energy of the system
then beomes
E = −
∫ Λ
0
dǫ ǫρ(ǫ) = E˜(R + l)− E˜(R), (11)
with
E˜(R) = −Λ
3R2
3π
[
Si(2RΛ) +
cos(2RΛ)
2RΛ
+
sin(2RΛ)
(2RΛ)2
+
1− cos(2RΛ)
4R3Λ3
]
. (12)
Here, Λ is a high-energy uto, and the minus sign in
Eq. (11) takes into aount that only hole-like states are
oupied in the ground state. Using the asymptoti form
of the sine-integral funtion for large values of its argu-
ment, we nd the energy ost of an hc/2e-vortex in the
annulus of a marosopi size R≫ 1/Λ to be
Ev ≡ E − E0 = l
12πR(R+ l)
(
1 +O( 1
ΛR
)
)
, (13)
where the total energy for the hc/e-vortex (or the vortex-
free system) is E0 = Λ3[R2 − (R + l)2]/6. When the
thikness of the annulus is muh larger than its inner
radius, l≫ R, the extra energy ost due to the presene
of an hc/2e-vortex in the order parameter, to the leading
order in 1/ΛR and R/l, is simply
Ev = ~vF
12πR
, (14)
where we have also restored Plank's onstant and the
Fermi veloity vF = v∆ previously set to one. The energy
ost for having an hc/2e-vortex in the system therefore is
positive, and in the marosopi limit, for a thik annulus,
inversely proportional to its inner radius. Notie that
the leading term in Ev is independent of the high-energy
uto Λ, in aord with our assumption that the eet is
due to the low-energy quasipartiles near the nodes. The
long-wavelength, linearized, desription we postulated in
Eq. (1) is thus internally onsistent for an annulus of a
marosopi size. The result in Eqs. (13) and (14) also
reets the fat that the presene of the vortex aets
the LDOS in its (marosopi) viinity the most.
We an now turn to the general and a physially more
relevant ase when the two harateristi veloities of the
nodal quasipartiles, vF and v∆, are dierent. By resal-
ing the oordinates, x′ = x/vF , y
′ = y/v∆, and hoosing
a gauge suh that the vetor potential has the same form
as below Eq. (1) in the new oordinates (x′, y′), Hamil-
tonian (1) may be transformed to a form with isotropi
veloities [4, 10, 11℄. The resaled momenta are now
k′x = vFkx, k
′
y = v∆ky, and the dispersion assumes an
isotropi form, Eq,k′ = qk
′
, with k′ ≡
√
k′2x + k
′2
y . The
LDOS then beomes ρ(ǫ, r′)/2π, with the extra fator of
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FIG. 2: Shape of the Brillouin zone before and after resaling
of the momenta.
2π arising from the ellipti shape of the Brillouin zone in
the new oordinates, shown in Fig. 2.
The total energy of the anisotropi vortex-free system
in the annular geometry is then E0 = G(R + l) − G(R),
where
G(R) ≡ −
∫
r≤R
d2r
∫
Σ(Λ)
d2k′ρ0(k
′). (15)
Σ(Λ) is the Brillouin zone in Fig. 2, and ρ0(k
′) =
k′/(2π)2 is the LDOS of the vortex-free system. The
integration yields the total energy of the ux-free system
E0 = −Λ
3
12
v2∆
vF
[
(R+ l)2 −R2] [2F1
(
1
2
,
3
2
; 1; 1− v
2
∆
v2F
)
+ 2F1
(
3
2
,
1
2
; 1; 1− v
2
∆
v2F
)]
, vF ≥ v∆, (16)
and 2F1(a, b; c;x) is the hypergeometri funtion. If
v∆ > vF , the two veloities should be exhanged. In
the presene of an hc/2e-vortex the total energy of the
system is thus
E = G(R + l)− G(R), (17)
where
G(R) = −
∫
Ω(R)
d2r′
∫
Σ(Λ)
d2k′k′ρ(k′, r′). (18)
Ω(R) is the ellipse v2Fx
′2 + v2∆y
′2 ≤ R2. To the leading
order in 1/(ΛR), one then nds E = E0 + Ev, where E0 is
the energy of the ux-free system given by Eq. (16), and
the ontribution to the total energy arising solely from
the presene of the AB vetor potential when vF ≥ v∆ is
Ev = ~lvF
12πR(R+ l)
2F1
(
1
2
,−1
2
; 1; 1− v
2
∆
v2F
)
. (19)
In the isotropi ase, vF = v∆ = 1, we obtain the re-
sult (13), sine 2F1(1/2,−1/2; 1; 0) = 1. In the opposite
limit of a large veloity anisotropy, the energy ost is de-
termined by a larger of the two veloities, beause the
funtion 2F1(1/2,−1/2; 1;x) is monotoni and bounded
on the interval [0, 1], 2/π = 2F1(1/2,−1/2; 1; 1) <
2F1(1/2,−1/2; 1;x) < 2F1(1/2,−1/2; 1; 0) = 1.
4The result in Eq. (19) pertains to the energy of lled
quasipartile Fermi sea. However, we an straightfor-
wardly import it into the fully self-onsistent omputa-
tion of the total superonduting ondensation energy:
Etot(∆, hc/2e) = Eqp(∆, hc/2e) +
|∆|2
g
, (20)
where Eqp(∆, hc/2e) is the energy of the Fermi see with
an hc/2e vortex and gap parameter ∆ and g is the ef-
fetive oupling onstant. We have assumed that ∆ is
essentially uniform sine any non-uniformity enters only
on the mirosopi sale ≪ R or l. By adding and sub-
trating Eqp(∆, 0) we obtain:
Etot(∆, hc/2e) = Ev + Etot(∆, 0) , (21)
where Ev is given by Eq. (19). By minimizing
Etot(∆, hc/2e) with respet to ∆ we obtain the total on-
densation energy in presene of hc/2e vortex. This gives
∆ = ∆0 + δ∆, where ∆0 is the value that minimizes
Etot(∆, 0), and δ∆ ∝ Ev. For marosopi R, l ≫ 1/Λ,
Ev is arbitrarily smaller than Etot(∆, 0) and δ∆ ≪ ∆0.
This implies that, to the leading order, the presene of an
hc/2e vortex inreases the ondensation energy by pre-
isely Ev (19), with ∆ = ∆0; the leading orretion is
∼ (δ∆)2/∆20.
For a nite s-wave gap mR≪ 1 the alulation is simi-
lar but onsiderably more umbersome. We nd that the
exess energy in Eq. (14) dereases with the gap m, and
is essentially zero already for mR ≈ 1, whih, rudely,
would orrespond to an inner radius of a mirometer in an
aluminum ring. This is in aord with our interpretation
of the eet as being due to the nodal quasipartiles, and
with the high auray of the observed hc/2e-periodiity
in standard low-Tc superondutors.
We an estimate the above energy ost of the
hc/2e-vortex from the values of the Fermi veloity
and the veloity anisotropy in YBa2Cu3O7−δ (YBCO)
and Bi2Sr2CaCu2O8+y (BSCCO) obtained by ARPES
[15℄ and the thermal ondutivity measurements [16℄.
ARPES yields a value of the Fermi veloity vF ∼ 3 ·
105m/s, whih appears to be universal in uprates. The
veloity anisotropy is vF /v∆ ∼ 14 in YBCO, while in
BSCCO vF /v∆ ∼ 19, yielding the total energy penalty
of having an hc/2e-vortex, Etotv = NEv ∼ 0.2K, for an
annulus with the inner radius R = 1µm, and N = 4 as
the number of nodes in a d-wave superondutor.
The nite energy ost of an hc/2e-vortex will aet
the quantization of the magneti ux when it beomes
omparable to the seond relevant energy sale in the
problem, namely the superuid density, ρ(T ). By lift-
ing the parabolas entered at the hc/2e ux in the text-
book energy vs. magneti ux plot [1℄ by Ev it is easy
to see that the width of the hc/e relative to the one of
the hc/2e plateau beomes longer by an amount propor-
tional to δ = Ev/ρ(T ). This is typially a small number:
in optimally doped YBCO, for example, δ ≈ 10−4. Re-
ently, however, single rystals [17℄ and thin lms [18℄ of
severely underdoped YBCO have been studied with the
unpreedented low ρ(0) ∼ 1K, when expressed in energy
units [19℄. This extremely underdoped regime where the
phase stiness an be rendered arbitrary small with un-
derdoping oers the best hane for an observation of the
asymmetry between even- and odd-ux vorties predited
in this paper.
The asymmetry between hc/e- and hc/2e- vorties in
unonventional superondutor has also been reently
found in the numerial solution of the Bogoliubov - de
Gennes equations for a mesosopi superonduting loop
[20℄ (see also [21℄). The results and onlusions of this
work seem broadly onsistent with ours.
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